In this paper, we develop new techniques for solving the large, coupled linear systems that arise from fully implicit Runge-Kutta methods. This method makes use of the iterative preconditioned GMRES algorithm for solving the linear systems, which has seen success for fluid flow problems and discontinuous Galerkin discretizations. By transforming the resulting linear system of equations, one can obtain a method which is much less computationally expensive than the untransformed formulation, and which compares competitively with other time-integration schemes, such as diagonally implicit Runge-Kutta (DIRK) methods. We develop and test several ILU-based preconditioners effective for these large systems. We additionally employ a parallel-in-time strategy to compute the Runge-Kutta stages simultaneously. Numerical experiments are performed on the Navier-Stokes equations using Euler vortex and 2D and 3D NACA airfoil test cases in serial and in parallel settings. The fully implicit Radau IIA Runge-Kutta methods compare favorably with equal-order DIRK methods in terms of accuracy, number of GMRES iterations, number of matrix-vector multiplications, and wall-clock time, for a wide range of time steps.
Introduction
The discontinuous Galerkin method, introduced in 1973 by Reed and Hill for the neutron transport equation [29] , has seen in recent years increased interest for fluid dynamics applications [24] . The discontinuous Galerkin method is a high-order finite element method suitable for use on unstructured meshes with polynomials of arbitrarily high degree. For many fluid flow problems, explicit time integration methods have the downside of restrictive time step conditions, partly because of the use of high-degree polynomials but more fundamentally because of the need to employ highly graded and/or anisotropic elements for many realistic flow problems [27] . Therefore, for many applications it is desirable to use an implicit time integration scheme.
Implicit time integration methods for DG have been much studied. Multi-step backward differentiation formulas (BDF) and single-step diagonally implicit Runge-Kutta (DIRK) methods have been applied to discontinuous Galerkin discretizations for fluid flow problems [26, 27] . Nigro et. al have seen success applying multi-stage, multi-step modified extended BDF (MEBDF) and two implicit advanced step-point (TIAS) schemes to the compressible Euler and Navier-Stokes equations [21, 22] . Additionally, in [3] , Bassi et al. have used linearly implicit Rosenbrock-type to integrate DG discretizations for various fluid flow problems. The BDF and DIRK methods have some limitations: BDF schemes can be A-stable only up to second-order (the famous second Dahlquist barrier) [10] , a severe limitation when used in conjunction with a high-order spatial discretization. On the other hand, there exist high-order A-stable (and even L-stable) DIRK schemes, but these methods have a low stage-order, often resulting in order reduction when applied to stiff problems [13] .
The Radau IIA methods, one class of the so-called fully implicit Runge-Kutta (IRK) methods, are high-order, L-stable, and have relatively high stage order. Consequently, these methods suffer less from order reduction than the corresponding DIRK methods when applied to stiff problems. Furthermore, these methods require only a small number of stages s, with the order of accuracy given by p = 2s − 1. These methods have the drawback that each step involves the solution of large, coupled linear systems of equations. The difficulty in efficiently implementing such methods has caused them to remain not widely used or studied for practical applications [8, 9] . There has been previous work on improving the efficiency of solving these large, coupled systems. In [16] , Jay and Braconnier develop a parallelizable preconditioner for IRK methods by means of Hairer and Wanner's W -transformation. In [11] , De Swart et al. have developed a parallel software package for the four-stage Radau IIA method, and Burrage et at. have developed a matrix-free, parallel implementation of the fifth-order Radau IIA method in [6] .
In this paper, we develop a new strategy for efficiently solving the resulting large linear systems by means of the iterative preconditioned GMRES algorithm. A simple transformation of the linear system results in a significant reduction of the cost per GMRES iteration. Furthermore, the block ILU(0) preconditioner, used successfully with implicit time-integrators for the discontinuous Galerkin method in [28] , proves to be effective also for these large systems. A shifted, uncoupled, block ILU(0) factorization is also found to be an effective preconditioner, with the advantage of allowing parallelism in time by computing the stage solutions simultaneously.
The structure of this paper is as follows. In Section 2, we describe the governing equations and DG spatial discretization. In Section 3, we discuss the time integration schemes used in this paper. Then, in Section 4, we introduce the transformation used to reduce the solution cost, and discuss the preconditioners used for the GMRES method. Finally, in Section 5, we perform numerical experiments on a variety of test cases, in two and three spatial dimensions.
Equations and spatial discretization
The equations considered are the time-dependent, compressible Navier-Stokes equations,
where ρ is the density, u i is the ith component of the velocity, and E is the total energy. The viscous stress tensor and heat flux are given by
∂u k ∂x k δ ij and q j = − µ Pr
where µ is the viscosity coefficient, and Pr = 0.72 is the Prandtl number. For an ideal gas, the pressure p is given by the equation of state
where γ is the adiabatic gas constant. For the viscous problems, we introduce an isentropic assumption of the form p = Kρ γ , for a given constant K, as described in [17] . This additional simplification can be thought of as an artificial compressibility model for the incompressible flows simulated in Sections 5.2 and 5.3. We prefer to solve the compressible equations because they result in a system of ODEs rather than differential-algebraic equations, and thus do not need specialized projection-type solvers. This model decouples equation (3) from equations (1) and (2), and therefore results in one fewer component to solve for. We remark that this simplification does not result in a significant difference in the relative performance of the time integrators studied in this paper, as shown in Section (5.1), where the full compressible Euler equations are solved, with no isentropic assumption.
We rewrite equations (1), (2) , and (3) in the form
where u is a vector of the conserved variables, and F i , F v are the inviscid and viscous flux functions, respectively. The spatial domain Ω is discretized into a triangulation, and the solution u is approximated by piecewise polynomials of a given degree. Equation (6) is discretized by means of the discontinuous Galerkin method, where the viscous terms are treated using the compact DG (CDG) scheme [23] . Using a nodal basis function for each component, we write the global solution vector as u, and obtain a semi-discrete system of ordinary differential equations of the form
where M is the mass matrix, and f is a nonlinear function of the n unknowns u. The standard method of lines approach allows for the solution of this system of ordinary differential equations by means of a range of numerical time integrators, such as the implicit Runge-Kutta methods that are the focus of this paper.
Block structure of the Jacobian
We consider the vector of unknowns u to be ordered such that the m degrees of freedom associated with one element of the triangulation appear consecutively. We suppose that there are a total of T elements, such that there are a total of n = T m degrees of freedom. Then, the Jacobian matrix J can be seen as a T × T block matrix, with blocks of size m × m. The ith row consists of blocks on the diagonal, and in columns j, where elements i and j share a common edge, such that the total number of off-diagonal blocks in the ith row is equal to the number of neighbors of element i. We note that the off-diagonal blocks of size m × m are themselves sparse, but for the sake of simplicity we will consider them as dense matrices. The mass matrix M is a T × T block diagonal matrix, with blocks of size m × m, and therefore matrices of the form αM − βJ have the same sparsity pattern as the Jacobian.
Time integration
In this paper, we will focus on the one-step, multi-stage Runge-Kutta methods. Given initial conditions u 0 = u(t 0 ), a general s-stage, pth-order Runge-Kutta method for advancing the solution to u 1 = u(t 0 + ∆t) + O(∆t p+1 ) can be written as
where the coefficients a ij , b i , and c i can be expressed compactly in the form of the Butcher tableau,
If the matrix of coefficients A is strictly lower-triangular, then each stage k i only depends on the preceding stages, and the method is called an explicit Runge-Kutta method. In this case, each stage may be computed by simply evaluating the function f . If A is not strictly lower-triangular, the method is called an implicit Runge-Kutta method (IRK). A particular class of implicit RungeKutta methods is those for which the matrix A is lower-triangular. Such methods are called diagonally-implicit Runge-Kutta (DIRK) methods [1] . Implicit Runge-Kutta methods enjoy high accuracy and very favorable stability properties, but computing the stages requires the solution of (in general nonlinear) systems of equations. In the case of DIRK methods, since A is lowertriangular, each stage k i depends only on those stages k j , j ≤ i, requiring the sequential solution of s systems, each of size n. In contrast, general IRK methods couple all of the stages, resulting in one nonlinear system of equations of size s × n.
For the solution of stiff systems of equations, we are interested in those methods that are L-stable, meaning that their stability region includes the entire left half-place (A-stability), together with the additional criterion that the stability function R(z) satisfies lim z→∞ R(z) = 0. In the present study, we compare the efficiency and effectiveness of several L-stable IRK and DIRK schemes. The methods considered are listed in Table 1 . The IRK schemes considered are the Radau IIA schemes, which are L-stable, s-stage schemes of order 2s − 1 based on the Radau right quadrature. The construction of these schemes can be found in [15] . The two-stage and three-stage Radau IIA methods are listed as RADAU23 and RADAU35, respectively. The DIRK schemes considered are the three-stage, third-order L-stable scheme denoted DIRK33, which is derived in detail in [1] , and the six-stage, fifth-order scheme constructed in [5] , and denoted ESDIRK65. The latter scheme is an explicit singly diagonally implicit Runge-Kutta (ESDIRK) method, meaning that the first diagonal entry of the Butcher matrix is zero, and the remaining diagonally entries are nonzero and equal. In addition to the third-and fifth-order methods, we also consider the seventh-and ninth-order Radau IIA methods, although we do not compare these methods to equal-order DIRK methods. The Butcher tableaux for the methods considered are given in Appendix A.
Also of interest is the phenomenon of order reduction, whereby, when applied to stiff problems, the overall order of accuracy is reduced from p to the stage order of the method (denoted q) [13] . The stage order q is defined as q = min{p, q i }, for i = 1, . . . , s, where q i is defined by
It can be shown that the maximum stage order for any DIRK method is 2 [14] , whereas the stage order for the Radau IIA methods is given by the number of stages, q = s [19] . The DIRK33 has stage order of q = 1. An advantage of the ESDIRK methods such as ESDIRK65 is that they have stage order of q = 2 [18] . The Radau IIA methods are very attractive because of their high order of accuracy, small number of stages, high stage order, and L-stability, but solving the coupled system of s × n equations is computationally expensive. Supposing that we solve the nonlinear system of equations for the stages k i by means of Newton's method, then at each iteration we must solve a linear system of equations by inverting the Jacobian matrix of the right-hand side, f (t, u). Assuming a dense Jacobian matrix, and solution via Gaussian elimination (or LU factorization), then the cost of performing a linear solve scales as the cube of the number of unknowns. Therefore, the cost per linear solve for a general IRK method is O(s 3 n 3 ), whereas the cost per solve for a DIRK method scales like O(sn 3 ). In [7] , Butcher describes how to transform the resulting set of linear equations to reduce the computational work for solving the IRK systems to O(2sn 3 ). Despite this reduction in computational complexity, the cost of solving the large systems of equations has proven in practice to be prohibitive [8] . On the other hand, DIRK methods have proven be popular and effective for solving computational fluid dynamics problems [4] , at the cost of lower stage order and an increased number of stages.
Efficient solution of implicit Runge-Kutta systems
In this section we describe a method for efficiently solving the systems arising from general IRK methods when applied to discontinuous Galerkin discretizations. The Jacobian matrices of the function f are sparse, block-structured matrices, which lend themselves to solution via iterative Krylov subspace methods. In particular, we consider the solution of these systems by means of the GMRES method with a zero fill-in block ILU(0) preconditioner, as in [28] . In this case, each iteration of the GMRES method requires one matrix-vector multiplication, and one application of the ILU(0) preconditioner. In order to efficiently solve the linear systems resulting from IRK methods, we will rewrite the system of equations in such a way so as to reduce the cost of a matrix-vector multiplication from s 2 n 2 to order sn 2 .
Transformation of the system of equations
Recalling equation that the stages k i are given by the equation
we define K to be the concatenation of the vectors k i , U 0 to be the concatenation of s copies of u 0 , and F the function f applied component-wise on these vectors. Then, we rewrite equation (11) in vector form as
where ⊗ is the Kronecker product, and I n is the n × n identity matrix. This nonlinear system can be solved by means of Newton's method, which will require solving at each step a linear system of the form 
for the residual vectors (r 1 , . . . , r s ) T , where the matrices on the left-hand side are s × s block matrices blocks, with each block of size n × n. We use the following notation for the Jacobian matrix of f ,
We can rewrite equation (13) in the following form, 
The sparsity pattern of the matrix in (14) is simply that of the Jacobian matrix J repeated s × s times, and we can conclude that the cost of computing a matrix-vector product with this matrix is s 2 times that of computing the matrix-vector product of one Jacobian matrix. In order to reduce the cost of the matrix-vector multiplication, we perform a simple transformation in to rewrite (14) in a slightly modified form. We begin by defining
and similarly, we let W denote the vectors w i stacked, such that
Then, we rewrite the nonlinear system of equations (11) in terms of the variables w i to obtain
or, equivalently, in the case that the Butcher matrix A is invertible,
In the transformed variables, the new solution u 1 can be written as
In the case of the Radau IIA methods, b T A −1 = (0, . . . , 0, 1), and so this further simplifies to
Solving equation (15) with Newton's method gives rise to the linear system of equations 
The advantage of this formulation is that the resulting system enjoys greater sparsity. The resulting matrix is a s×s block matrix, with multiples of the mass matrix in every off-diagonal block, and with matrices of the form (A −1 ) ii M − ∆tJ i along the diagonal. Computing a matrix-vector product with this s × s block matrix requires performing s matrix-vector multiplications with the mass matrix, and s matrix-vector multiplications with a Jacobian J i . Therefore the cost of computing such products scales as s times the cost of computing one matrix-vector product with the Jacobian matrix.
We additionally remark that the fully-implicit IRK methods requiring storing each of the s Jacobian matrices J i , resulting in memory usage that is s-times that of the DIRK methods. A further advantage of the transformed system of equations is that the memory requirements for the ILU-based preconditioners are reduced, as discussed in the following sections.
Preconditioning
The use of an appropriate preconditioner is essential in accelerating the convergence of a Krylov subspace method such as GMRES. We briefly describe the block ILU(0) preconditioner from [28] .
Block ILU(0) preconditioner
The block ILU(0) (or zero fill-in) preconditioner is a method for obtaining block lower-and uppertriangular matricesL andŨ given a block sparse matrix B. These matrices are obtaining by computing the standard block LU factorization, but discarding any blocks which do not appear in the sparsity pattern of B. We denote the block in the ith row and jth column as B ij . The ILU(0) algorithm can be written as shown in Algorithm 1.
If we impose the condition on the triangulation of our domain that, if elements j and k both neighbor element i, then elements j and k are not neighbors of each other, then the ILU(0) algorithm has the particularly simple form, show in Algorithm 2. In practice, most well-shaped meshes satisfy this condition and henceforth we will use this simpler algorithm.
Algorithm 1 Block ILU(0) algorithm
for neighbors j of i with j > i do 3:
for neighbors k of j and i with k > j do 6: for neighbors j of i with j > i do 3: 
Preconditioning the large system
In the case of the general IRK methods, we must solve systems of the form
We remark that the matrix B can now be considered as a s × s block matrix, with blocks of size n × n. Each n × n block is itself a T × T block matrix, with subblocks of size m × m. We introduce the notation B k ,ij to denote the (i, j) subblock of the (k, ) block of B. That is to say, B k ,ij is the (i, j) block of the matrix (A)
, where δ k is the Kronecker delta.
Stage-coupled block ILU(0) preconditioner
We consider two preconditioners for this large sn × sn system. The first is the standard (stagecoupled) block ILU(0) preconditioner, which can be computed using Algorithm 3. We note that this preconditioner couples all s stages of the method. This preconditioner requires storing s Jacobiansized diagonal blocks, and s 2 − s off-diagonal blocks, each the same size as the mass matrix.
Algorithm 3 ILU(0) algorithm for IRK systems of the form (17) 1: for k = 1 to s do 2:
for neighbors j of i with j > i do 4:
B kk,jj ← B kk,jj − B kk,ji B kk,ij 6:
9:L ← I + strict block lower triangle of B 10:Ũ ← block upper triangle of B
Stage-uncoupled, shifted ILU(0) preconditioner
In order to avoid the above coupling of the stages, we can compute a simplified preconditioner in the form of the following block matrix, 
whereL iŨi is the block ILU(0) factorization of a matrix of the form A −1
ii + α i M − ∆tJ i . We let α i denote a shift, so that the standard unshifted factorization corresponds to α i = 0. The so-called shifted ILU factorization, described by Manteuffel in [20] , can result in eigenvalues clustered away from the origin, and hence faster convergence in GMRES. Indeed, our experience shows that the unshifted preconditioner underperforms certain other choices of shift.
The preconditioner has several advantages over the stage-coupled block ILU(0) preconditioner. The first is that it is easily constructed using an already-implemented block ILU(0) factorization of the Jacobian matrix. The second is that none of the stages are coupled, allowing for both efficient computation and application. In particular, this has implications for the parallelization of the preconditioner, which we discuss in Section 4.5. Finally, as this preconditioner does not include any off diagonal blocks, the memory requirements are exactly s times that of the standard block ILU(0) used for the DIRK methods.
As mentioned, the unshifted preconditioner, with α i = 0 for all i, such thatL iŨi is the ILU(0) factorization of the ith diagonal block of the matrix B, is a natural choice. This choice of coefficients ignores all the off-diagonal mass matrices. By making certain judicious choices of the coefficients α i , we can attempt to compensate for the off-diagonal blocks by adding multiples of the mass matrix back to the diagonal entries. In particular, our numerical experiments have shown that setting
results in a more efficient preconditioner, requiring fewer GMRES iterations in order to converge to a given desired tolerance.
Computational cost and memory requirements
In order to compare the computational cost of the transformed IRK implementation described above with both that of the untransformed formulation, and with the usual DIRK methods, we summarize the computational cost associated with solving the resulting linear systems. We note that the IRK methods require the solution of one large, coupled system, whereas the DIRK methods require the solution of s smaller systems. In Table 2 we record the leading terms of the computational cost of operations required to be performed every iteration. We recall that s is the number of Runge-Kutta stages, m is the number of degrees of freedom per mesh element, T is the total number of elements in the mesh, and r is the number of neighbors per element. Here we assume that the m × m blocks of the Jacobian matrix are dense, and hence require 2m 2 floating point operations per matrix-vector multiply. Computing the preconditioner requires the LU factorization of the diagonal blocks, which incurs a cost of 2 3 m 3 floating point operations per block. Each iteration in Newton's method requires re-evaluation of the Jacobian matrix, and therefore also the re-computation of the preconditioner. Hence, the preconditioner must be computed once per linear solve. The costs associated with these calculations are listed in Table 3 . We remark that each GMRES iteration using the formulation described in Section 4 requires a factor of s fewer floating-point operations per iteration than the naïve IRK implementation. The stage-uncoupled IRK preconditioner is less expensive to both compute and apply than the stagecoupled preconditioner. We also note that for equal order of accuracy, the Radau IIA IRK methods require fewer implicit stages than do the DIRK methods. Each such implicit stage incurs the cost of assembling the Jacobian matrix. This cost is problem-dependent, but is in general non-trivial, and in the model problems considered in this paper, it scales like O(m 3 T ). Finally, we present the memory requirements for the IRK and DIRK methods, and the stagecoupled and uncoupled preconditioners in Table 4 . We note that for the transformed IRK methods, only the s Jacobian matrices J i need to be stored. The stage-coupled block ILU(0) preconditioner requires an additional s 2 − s off-diagonal blocks, which have the same block-diagonal structure as the mass matrix, each having m 2 T nonzero entries. The stage-uncoupled preconditioner does not require these off-diagonal blocks, and therefore its memory requirements are exactly s times that of the DIRK block ILU(0) preconditioner. The block ILU(0) preconditioner for the untransformed system of equations would require storing an additional (s 2 − s)rm 2 T nonzero entries in the offdiagonal blocks. 
Stage-parallelism and partitioned ILU
In order to parallelize the computations, the spatial domain is decomposed into several subdomains. The compact stencil of the CDG scheme allows for very low communication costs between processes for residual evaluation and Jacobian assembly operations. The matrix-vector multiplications, which constitute the bulk of the work for the linear solve, also scale well in terms of communication for the same reason. In order to parallelize the ILU(0) preconditioner, the contributions between elements in different partitions are ignored, allowing each process to compute the ILU(0) factorization independently. Because these contributions are ignored, we find that the number of GMRES iterations required to converge increases as the number of domain partitions increases [25] . In fact, it is easy to see that when the number of partitions is equal to the number of mesh elements, the preconditioner simply reduces to the block Jacobi preconditioner. However, in general the partitioned ILU(0) preconditioner is found to be superior to the block Jacobi preconditioner. These considerations apply equally to both the DIRK and general IRK methods, using the stagecoupled ILU(0) preconditioner. If we use the stage-uncoupled ILU(0) preconditioner, then we are able to decompose the domain into a factor of s fewer partitions. We then assume that the number of processes is equal to the number of mesh partitions times the number of stages. The processes are first divided into groups according to the mesh partitioning such that each group consists of s processes. Within each group, each process is then assigned to one stage of the IRK method. Thus, when assembling the block matrix of the form (17), the Jacobian matrices for all of the stages are computed in parallel. This does not require any communication between the groups. Then, since the stage-uncoupled block ILU(0) preconditioner does not take into account any of the off-diagonal blocks, the preconditioner can also be computed without any inter-stage communication. Similarly, each application of the preconditioner can be computed in parallel over all the stages without any communication. When computing matrix-vector products, the products with the Jacobian blocks for each stage are computed in parallel, and the products with the mass matrix blocks must be communicated within the stages. It is possible to overlap the communication with the computation of the matrix-vector product with the stage-Jacobian block, such that the cost of communication is negligible. The main advantage of this parallelization scheme is that the mesh is decomposed into a factor of s fewer partitions. Therefore, the effect of ignoring the coupling between regions in the ILU(0) factorization is lessened, and the result is a more efficient preconditioner. In Sections 5.2.3 and 5.3, we numerically study the effects of parallelizing these preconditioners. . The color of the matrix entries indicates the node to which it belongs. The entries in the first block-column all belong to the first CPU of each node, and the entries the second block-column all belong to the second CPU of each node.
In the context of hybrid shared-distributed memory systems, it is possible to further reduce the communication cost of the stage-parallel IRK algorithm. On such a system, groups of compute cores called nodes have access to the same shared memory. As a consequence, intranode communication is much faster than internode communication. If each stage-group of s processes described above is located on one node, and none of the groups are split across nodes, then the solutions are only communicated within a node, resulting in negligible internode communication costs. An illustration of such an arrangement is shown in Figure 1 . The example shown is a scalar problem on a mesh with eight elements, decomposed into four partitions. The hypothetical architecture consists of four compute nodes, each with two CPUs with shared memory. For a two-stage IRK method, each partition of the mesh belongs to a different node, and each of the stages for a given partition belong to different CPUs within one node.
Numerical results

Euler vortex
We solve the compressible Euler equations of gas dynamics, which are given by equations (1) through (3), with the second-order terms removed. The equation of state is given by (5) . We consider the model problem of an unsteady compressible vortex in a rectangular domain [30] . The domain is taken to be the rectangle [0, 20] × [−7.5, 7.5], and the vortex is initially centered at (x 0 , y 0 ) = (5, −2.5). The vortex is moving with the free-stream at an angle of θ. This problem is particularly useful as a benchmark because the exact solution is given by the following analytic formulas, allowing for convenient computation of the numerical accuracy. The exact solution at (x, y, t) is given by
where f (x, y, t) given by (u, v) = u ∞ (cos(θ), sin(θ)). The strength of the vortex is given by , and its size is r c .
For our test case, we choose parameters = 15, r c = 1.5, M 0 = 0.5, θ = arctan(1/2). In order for the temporal error to dominate the spatial error, we compute the solution on a fine mesh consisting of 6144 regular right-triangular elements depicted in Figure 2a . The finite element space is chosen to be piecewise polynomials of degree 4, corresponding to 15 nodes per element. The solution consists of four components, for a total of 368,640 degrees of freedom. The initial conditions are shown in Figure 2b .
Comparison of preconditioners
We first use this test case to compare the effectiveness of the preconditioners discussed in Section 4.3. As a baseline, we will consider the DIRK solver using the block ILU(0) preconditioner. We will then compare the stage-coupled block ILU(0) and both shifted and unshifted stage-uncoupled ILU(0) preconditioners for the IRK solver. In all cases, we require Newton's method to converge to an infinity-norm tolerance of 10 −8 . We compare the number of GMRES iterations required to converge to a relative, preconditioned tolerance of 10 −5 . In order to make a fair comparison between the methods, we will compute the number of n × n matrix-vector multiplications required per iteration of Newton's method, across all the stages. We will refer to this quantity as the number of equivalent multiplications. For the DIRK methods, this number is equal to the number of GMRES iterations times the number of implicit stages. For the IRK methods, we recall that each multiplication by the large block matrix of the form (17) essentially consists of s n × n matrix-vector multiplications.
We compute 5 time steps in serial using representative time steps of ∆t = 0.4, 0.3, 0.2, and 0.1. We then average the number of GMRES iterations required per linear solve, and multiply this number by the number of implicit stages. For the shifted stage-uncoupled block ILU(0) preconditioner, we choose a shift of
ji , which has in our experience resulted in the fastest convergence. We present the results in the log-log plot shown in Figure 3 . We notice that the third order Radau IIA method with the stage-coupled ILU(0) preconditioner requires fewer matrix-vector multiplications than the corresponding third-order DIRK method, while the stageuncoupled, shifted ILU(0) preconditioner requires roughly the same number of multiplications. For the fifth-order methods, both the coupled and uncoupled preconditioners require more matrix-vector multiplications than the corresponding ESDIRK method. For both third-and fifth-order methods, the stage-uncoupled, unshifted preconditioner requires greatly more matrix-vector multiplications than the other methods, and therefore in the further test cases we will only consider the shifted preconditioner.
Temporal accuracy
Since the analytical solution to this test case is known, it is particularly convenient to compare the accuracy of the time discretization schemes. The solution is integrated until a final time of t = 60 s. 
where L ∞ i denotes the L ∞ error of the numerical solution computed using time step ∆t i . For each method, we present the wall-clock time required to compute the solution in parallel on 16 cores. The results for both the third-order and fifth-order methods are presented in Table 5 . The theoretical order of accuracy is observed for all of the methods used. Also listed is the ratio of the DIRK error to the Radau IIA error. Comparing the coefficients presented in Table 1 , it can easily be shown that the leading coefficient of the truncation error for the DIRK33 method is about 1.86 times larger than the leading coefficient for the RADAU23 method. We see that the ratio of the errors approaches this value as ∆t tends to zero. The leading coefficient of the truncation error for the ESDIRK65 methods is about 3.82 times larger than the leading coefficient for the RADAU35 method. In the fifth-order test case, the ratio of the numerical errors is found to be closer to about 1.5, likely because of the additional contribution of spatial discretization error.
A log-log plot of the L ∞ error vs. ∆t is shown in Figure 4a . A log-log plot of the L ∞ error vs. wall-clock time is shown in Figure 4b . We remark that the RADAU23 method achieved the same accuracy as the DIRK33 method in faster runtime for all of the cases considered. Among the fifth-order methods, we did not observe one method to be clearly more efficient than the others. The difference between the stage-coupled and stage-uncoupled preconditioners was found to be insignificant for the third-and fifth-order methods, and the stage-uncoupled preconditioner resulted in faster performance for the seventh-and ninth-order methods.
High Reynolds number flow over 2D NACA airfoil (LES)
In this test case, we consider the two-dimensional viscous flow around a NACA airfoil with an angle of attack of 30
• . The fluid domain is the rectangle [−2.5, 4] × [−2.5, 2.5]. For this case, the Mach number is taken to be 0.1, the gas constant 1.4, and the Reynolds number 40,000. The wing is centered vertically, and placed closer to the inlet boundary. The mesh consists of 3154 triangular elements, with finer elements close to the airfoil and in the wake. The mesh and the boundarylayer elements with DG nodes are depicted in Figure 5 , and are rotated by 30
• to correspond with the desired angle of attack. The triangles near the boundary of the wing are refined in the transverse direction, resulting in highly anisotropic elements. These stretched elements give rise to a highly restrictive CFL condition, suggesting that this problem is particularly well suited to implicit methods. We have found that the CFL condition renders explicit methods impractical for this problem, with the fourth-order explicit Runge-Kutta method exhibiting instability for time steps greater than 7 × 10 −8 s. On the other hand, the implicit Runge-Kutta methods remain stable for time steps many orders of magnitude larger.
A no-slip condition is enforced on the boundary of the airfoil, and far-field conditions are enforced on all other boundaries. At time t = 0 s the solution is set to be free-stream everywhere. The solution is then integrated until time t = 5 s, at which point vortices have developed in the wake of the wing. This solution (shown in Figure 6a ) is taken to be the initial condition for our test case. The finite element space is taken to be piecewise degree 3 polynomials, with 10 nodes per element, resulting in 94,620 degrees of freedom.
Solver efficiency
We study the effectiveness of the DIRK and Radau IIA IRK methods by comparing both the average number of equivalent multiplications per linear solve and the total wall-clock time. As in the previous case, the methods RADAU23, RADAU35, DIRK33, and ESDIRK65 are used. As Wall-clock time (s) , are used. For the fifthorder methods, we use the same time steps, in addition to the larger time steps of ∆t = 5.00 × 10 −2 , and ∆t = 2.50 × 10 −2 . In Table 6 we present the runtime and number of equivalent multiplications for all of the methods considered. As in Section 5.1.1, we compute the number of n × n matrixvector products performed per Newton iteration (over all the stages) by multiplying the average number of GMRES iterations by the number of implicit stages. In Figure 7a we present a log-log plot of the average number of equivalent multiplications vs. ∆t. In Figure 7b we present the total wall-clock time required to run the simulation until the final time. For the third-order methods, the RADAU23 IRK method required fewer matrix-vector multiplications than the DIRK33 method, for the same choice of ∆t, resulting in a shorter run time. The uncoupled preconditioner resulted in a somewhat larger number of GMRES iterations, and hence more matrix-vector multiplications, but the difference in run time was found to be negligible. For the fifth-order methods, the RADAU35 method with stage-coupled preconditioner resulted in a smaller number of matrix-vector multiplications per linear solve than the ESDIRK65 method. For larger ∆t, the stage-uncoupled preconditioner proved to be effective, resulting in faster run times than both the DIRK method and the stage-coupled preconditioner. For smaller ∆t, the stage-uncoupled preconditioner required a greater number of GMRES iterations and hence longer run times.
Accuracy
We note that the above comparisons were made for equal choices of ∆t. Because the Radau IIA method enjoy a smaller leading coefficient of the truncation error, we expect to achieve better accuracy for the same time step. We therefore study the accuracy of the methods applied to the above problem by considering the semidiscrete system of equations purely as a system of ODEs. We compute a reference solution by numerically integrating the equations for 6000 time steps with ∆t = 1.25 × 10 −4 using the fifth-order ESDIRK method. Then, we take this solution to be the "exact" solution, with respect to which the L ∞ norm of the error is computed, and perform a grid convergence study. For each choice of time step, we compute the L ∞ norm of the error, the approximate rate of convergence of the method, and the ratio of the DIRK error to the Radau IIA error in Table 7 . In Figure 8 , we present log-log plots of the wall-clock time vs. L ∞ error. We note that we do not observe the formal order of temporal accuracy for this test problem, possibly due to the choice of time step, which is about five orders of magnitude larger than the explicit CFL, Table 8 confirm that the expected theoretical orders of accuracy are attained for all methods considered. We remark that for the third-order methods, we can achieve the same accuracy as the DIRK33 method with a faster run time using the RADAU23 method, with both the stage-coupled or stage- uncoupled preconditioner. The differences in run time between the two preconditioners were negligible. For the fifth-order methods, our results indicate that the RADAU35 method outperformed the ESDIRK for a majority of the test cases considered. For this test problem, we found the stage-uncoupled preconditioner to perform better for the larger choices of ∆t.
Parallel performance on NACA airfoil
We study the parallel performance of the IRK and DIRK solvers applied to the two-dimensional NACA airfoil. We choose a representative time step of ∆t = 1.25 × 10 −2 , and integrate the system for five time steps until t = 5.0625 s, using as before the solution at t = 5 s as the initial condition. We perform this test using both the Radau IIA IRK and the DIRK solvers. For the Radau methods, we use both the stage-coupled and stage-uncoupled ILU(0) preconditioners.
Using the method described in Section 4.5, we decompose the domain into a set number of partitions according to the number of processes. For the DIRK and stage-coupled IRK solvers, the number of partitions is equal to the number of processes. For the stage-uncoupled IRK solver, we can choose the number of partitions to be a factor of s smaller than the number of processes. We consider the mesh decomposed into 1, 2, 4, 8, 16, 32, 64, 128, 256, and 512 partitions. Then, we compute the average number of GMRES iterations required per solve. In the case of the DIRK methods, we multiply the number of iterations by the number of implicit stages to obtain the number of equivalent multiplications performed assuming one Newton iteration. Similarly, in the case of the Radau IIA IRK methods, we multiply the number of iterations by the number of stages to obtain the number of n × n matrix-vector multiplications. In Figure 9 we show a log-log plot of the average number of equivalent multiplications vs. number of processes.
As the number of processes (and hence number of mesh partitions) increases, we observe an increase in the number of GMRES iterations required to converge. This is because the contributions between different mesh partitions are ignored in the block ILU(0) factorization, rendering the preconditioner less effective. Since the stage-uncoupled ILU(0) preconditioner can be parallelized for the same number of processes with a factor of s fewer partitions, we notice that approximately 15-20% fewer matrix-vector multiplications are required when compared with the standard uncoupled solver. This suggests a substantial benefit to the stage-uncoupled block ILU(0) preconditioner when run in a massively-parallel environment. This difference in performance is numerically validated in the following three-dimensional NACA test case.
Parallel large eddy simulation (LES) of 3D NACA airfoil
For our final test case, we consider the three-dimensional viscous flow over a NACA airfoil with angle of attack of 30
• . The Reynolds number is taken to be 5,300 and the Mach number 0.1. The governing equations are given by equations (1) through (3) with the isentropic assumption discussed in Section 2. The mesh consists of 151,392 tetrahedral elements. The local basis consists of degree 3 polynomials, for a total of 20 nodes per element. We consider the fluid to be isentropic, and hence the solution consists of 4 components, resulting in a total of 12,111,360 degrees of freedom. The mesh is shown in Figure 10a .
A no-slip condition is enforced on the boundary of the airfoil, periodic conditions are enforced in the span-wise direction, and far-field conditions are enforced on all other boundaries. The solution is initialized to freestream conditions, and then integrated numerically until time t = 4 s using ∆t = 0.02 s. At this point, vortices have developed in the wake of the wing. In Figure 10b , isosurfaces of the Q-criterion, for Q = 25, are shown. The Q-criterion, proposed by Dubief and Delcayre in [12] is often used to identify vortical structures, and is defined as the difference of the symmetric and antisymmetric components of the velocity gradient,
where Ω ij = 1 2 (u i,j − u j,i ), and S ij = 1 2 (u i,j + u j,i ). We then integrate the equations for 30 time steps using the third-and fifth-order DIRK methods, as well as the Radau IIA methods of order 3, 5, 7, and 9. Due to the turbulent nature of this problem, we do not study the accuracy of the numerical solutions, but rather the efficiency of the solvers for fixed ∆t. We also consider the parallel scaling of the solvers by running our test case on 360, 540, 720, and 1080 processes. For the Radau IIA methods, we consider three preconditioners: stagecoupled, stage-uncoupled, and stage-parallel. As with the DIRK methods, for the stage-coupled and stage-uncoupled preconditioners we decompose the mesh into a number of partitions equal to the number of processes. For the stage-parallel ILU(0) preconditioner we decompose the mesh into a factor of s fewer partitions. The preconditioner then exploits the stage parallelism using the methodology described in Section 4.5. We record the average wall-clock time required per linear solve using each of the methods, and present the results in Figure 11 . For each order of accuracy, the Radau IIA method with the stage-parallel preconditioner resulted in the fastest runtime. For orders three and five, for which we compare against equal-order DIRK methods, the Radau IIA methods resulted in faster performance with all of the preconditioners considered. Since the number of stages is greater for the higher order methods, and the stageparallel preconditioner allows for a factor of s fewer mesh partitions, we would expect that the reduction in the number of GMRES iterations due to the improved ILU preconditioner would be greater than for the lower order methods. Indeed, we observe that the relative performance gain of the stage-parallel preconditioner compared with the stage-uncoupled preconditioner increases as the the order of the method increases. For example, while the third-order, stage-parallel preconditioner is only about 5-10% faster than the stage-uncoupled preconditioner, and about 20% faster than the stage-coupled preconditioner, the ninth-order stage-parallel preconditioner is between 20-30% faster than the stage-uncoupled preconditioner, and approximately twice as fast as the stage-coupled preconditioner. Furthermore, as the number of processes approaches the strong scaling limit, we anticipate that the additional factor of s processes allowed by the stage-parallel preconditioner will result in even greater benefit, especially for those methods with a large number of stages. 
